Célculo 111
Integral dupla

Prof. Adriano Barbosa
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Integral dupla:
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Se f(X, ) = 0, o volume do sélido acima da regido R e abaixo grafico da fungéo
é dado por:

V:ﬂf(x,y) dA
R

Exemplo: Estime a &rea do sélido acima da regido R e abaixo do gréfico da fungéo abaixo

R =1[0,2] x[0,2] f(x,y) =16 — x> — 2y°

Exemplo: Estime a &rea do sélido acima da regido R e abaixo do gréfico da fungcéo abaixo

R =1[0,2] X [0,2] f(x,y) = 16 — x> — 2y°
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Exemplo: Estime a &rea do sélido acima da regido R e abaixo do gréfico da fungéo abaixo
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Exemplo: Estime a &rea do sélido acima da regido R e abaixo do gréfico da fungcdo abaixo

R =1[0,2] x[0,2] fx,y) =16 — x> — 2y?
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V=3 S fx.y)AA = (1, 1) AA + F(1,2) AA + F(2, 1) AA + f(2,2) AA

o = 13(1) + 7(1) + 10(1) + 4(1) = 34
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(@m=n=4V=415 (b)ym=n=8,V=44.875 (©)m=n=16,V=46.46875

Exemplo: R ={(x,y) | ~lsx=<1,-2=<y=<2}
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Exemplo: R ={(x,y) | -1 =sx<1,-2<y<2}

[ V=

R

A
(1,0,0) 02,0 ¥

ﬂ VI=xTdA =ta(1p X 4 =27
R

Propriedades
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=) ﬂ cf(x,y) dA = cﬂ f(x,y) dA
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=) f(xy) =gy
ﬂ f(x,y)dA = ﬂ g(x,y) dA
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Integral Iterada
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(@) Using 5 disks, V= 4.2726 (b) Using 10 disks, V= 4.2097 (c) Using 20 disks, V = 4.1940




Integral Iterada
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V(S;) = A(x¥) Ax
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V(S;) = A(xF) Ax

V=3 At Ax

Integral Iterada
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V(S;) = A(x¥) Ax

V=3 At Ax

V=1lim D A(x¥) Ax = f " A(x) dx
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Integral Iterada

R =1[a,b] X [c,d]

Integral Iterada
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R =[a,b] X [c,d]

Integral Iterada

R =1[a,b] X [c,d]

A = [*foxy) dy




Integral Iterada
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Analogamente

[T oy oxay = [* [L” ) dx] &

Exemplo: fo} flz Xy dy dx

Exemplo: f: flz X%y dy dx
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Teorema de Fubini: Se f é continuaem R ={(X,y) | a < x<b,c <y =<d}, entdo Exemplo: [f, (x —3y*)dA, R ={(x,y) | 0=x<21<y<2}

JJ f(x,y) dA = J: J(d f(x,y) dy dx = J(d J: f(x, y) dx dy

R

Exemplo: [f, (x —3y*)dA, R ={(x,y) | 0=x<21<y<2} Exemplo: [f, (x = 3y*)dA, R ={(x,y) | 0=x<21<y<2}
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Exemplo: ([, y sin(xy) dA, R = [1,2] X [0, 7] Exemplo: [{, y sin(xy) dA, R = [1,2] X [0, 7]

JJ ysin(xy) dA = Jilz J:)”y sin(xy) dy dx
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Exemplo: [, y sin(xy) dA, R =[1,2] X [0, 7]

" . u=y

JJ ysin(xy) dA = JI JO y sin(xy) dy dx

R du = dy
Exemplo: [, y sin(xy) dA, R = [1,2] X [0, 7]
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JJ ysin(xy) dA = JI‘ JO y sin(xy) dy dx
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Exemplo: ([, y sin(xy) dA, R = [1,2] X [0, 7]
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dv = mcos mx dx

v = sin X

Solucéo alternativa:
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Solug&o alternativa: Suponha f(X,y) = g(x)h(y)

JJ y sin(xy) dA = JOW Jilz ysin(xy) dxdy = J;”[—cos(xy)]ﬁif dy

R
= JOW (—cos 2y + cosy) dy

= —lsin2y + siny]:;: 0

Suponha f(x,y) = g(x)h(y) Suponha f(x,y) = g(x)h(y)
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Suponha f(x,y) = g(x)h(y) Exemplo: R = [0, 7/2] X [0, 7/2]
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